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Abstract

We propose a new automatic edge collapse simplification algorithm, which is not only fast and memory

efficient but also automatically preserves visually imprant features of a mesh. In an edge collapse

algorithm, a sequence of edge collapse transformations determined by an optimal greedy approach

is applied until an approximating mesh of required size or of given tolerance is obtained. The way how

to measure the geometric error introduced as a result of an edge collapse transformation plays a crucial

role in determining the priority ordering of such transformations. We introduce a new idea to measure

this error based only on current simplified mesh and error accumulation. The proposed technique for

measuring geometric error is not only simple to implement, but is also memory efficient. The presented

algorithm consumes less memory and takes less execution time than most of the published edge collapse
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based algorithms. Results and numerical comparisons show that our algorithm generates simplified

meshes of good visualfidelity, which are comparable with those by other methods.

Key Words

Triangular Meshes, Surface simplification, Level of detail, Edge-collapse, Multiresolution modeling

1 Introduction

Automatic simplification of large polygonal meshes is an important problem in CG. Recent advances

in scanning technologies have given rise to highly detailed polygonal mesheswhose has surpassed the

development in rendering systems;it has become hard to interactively display and navigate such large

models. The solution lies in employing polygonal meshes with varyingdetail in different application

contexts and simplification techniques form its backbone.

The importance of simplification techniques has motivated intense research in this area with different

goals: geometric simplification, topology simplification, and view-dependent simplification. This paper

focuses on geometric simplification. During the past years, many simplification algorithms, addressing

geometric simplification, have appeared in the graphics literature [16, 15, 6, 14, 8, 4, 5, 1, 9, 11, 17, 13].

Most of the algorithms are based on iterative approach, where small local geometric change is introduced

according to some optimality criterion. The optimality criteria is usually based on one of the two types

of measures of error:local error, which is measured by comparing the small affected patch of a mesh

with the current simplified mesh, andglobal error, which is based on the comparison with original

mesh. The algorithms proposed in [15, 16] follow the local approach for measuringgeometric deviation.

Algorithms presented in [6, 1, 4, 8] are based on global measure of error; while they produce high quality

simplifications, they require the geometric history to be carried along the partly simplified mesh, which

2
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Figure 1. (Left) Edge collapse operation. Edge er is substituted with v and triangles t1 and t2 are
eliminated. (Right) Simplex operators.

renders the iterative process memory consuming and very slow. Our proposed algorithm is based on half-

edge collapse; it is neither based on a local nor a global approach; although, the measure of geometric

fidelity is based only on partly simplified mesh, but we accumulate the error introduced by an edge

collapse to the cost of each of the half-edges having their starting vertex on the terminating vertex of the

collapsed edge. So it is not only memory efficient but also faster than almost all those iterative methods,

which use geometric history to execute optimality criteria and even Memoryless Simplification [14],

which is also a memory efficient algorithm, and yieldsapproximations of good visualfidelity.

The remainder of this paper is organized as follows. In Section 2, we give an overview of some of

the related iterative simplification algorithms. Section 3 outlines our simplification algorithm. Error

metric used in our algorithm has been detailed in Section 4. Collapse of edges on the boundary has been

discussed in Section 5. In Section 6, we present the empirical and numerical results and compare it with

some other published algorithms. Section 7 concludes the paper.

2 Related Work

Most of the iterative simplification methods can be classified into three categories with respect to the

topological operator they adopt:vertex decimation, edge collapse, and face decimation. Of all these
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simplification operations, edge collapseis the most attractive one becauseof its simplicity and robust-

ness. Since the proposed algorithm is based on edge collapse and we center our attention on edge

collapse algorithms and give an overview of the most related recent methods. For thorough survey of

simplification algorithms, please consult [7, 3].

Hoppe’s algorithm [8] for constructing progressivemeshes is the pioneer of the class of edge collapse

algorithms. Garland and Heckbert [5] measure the squared distance from the collection of planes asso-

ciated with triangles incident on a vertex and store it as a symmetric 4×4 matrix, one matrix per vertex.

While their approach is fast and gives highquality approximations, it is not memory efficient. For each

vertex it stores tenfloats. Lindstrom and Turk [14] uses linear constraints, based primarily on the con-

servation of volume, to define a memoryless version of quadric errormetric [5]; it produces good quality

simplifications and is fairly efficient, particularly in memory consumption, but it is slower thanQSlim.

Hussain et. al [10] also proposed a memory efficient method; the proposedalgorithm improves this

method in three ways: accumulationof error is more appropriate, measure of error is computationally

more efficient, and the quality of boundary preservation is better.

3 Simplification Algorithm

In this section, we outline our algorithm and briefly highlight its main features. First of all, tofix the

ideas a brief description of terminology and notation is in place.

A polygonal mesh is specified by a pair (P, K), whereP is a set ofn point positionsP = {vi ∈ R3 |

1 ≤ i ≤ n} andK is an abstract simplicial complex which contains all the topological information. In

other words,P andK describe geometry and topology of a polygonal mesh. The complexK is the set

of subsets of{1, 2, 3,· · · , n}, which are known assimplices; vertexis a 0-simplex,edgeis a 1-simplex

4
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andfaceis a 2-simplex. We represent 0-simplex or vertex byv with its geometric counterpart as a3D

vectorv; an edgee or 1-simplex is a subset{ve0, v
e
1}; an oriented edge is represented by an ordered pair

(ve0, v
e
1) and is denoted by

→
e01. A trianglet or 2-simplex is a set of oriented edges i.e. t = {

→
e01,

→
e12,

→
e20}

or t = {(ve00 , v
e0
1 ), (ve11 , v

e1
2 ), (ve22 , v

e2
0 )} or simplyt = (v0, v1, v2).

According to the definition of simplex operatorsbc andde as defined in [14],dve, ddvee, bdvec, bec,

stand for edges incident onv, triangles incident onv, neighboring vertices ofv, vertices ofe respectively

and,dbece andddbecee represent the sets of edges and triangles sharing at least one vertex withe, see

Figure 1.

3.1 Outline of the Algorithm

The proposed method, like most related algorithms, is a simple greedy procedure. It is based on half-

edge collapse and a new measure of accuracy detailed in Section 4. It takes the original mesh as input

and executes the following steps and yields progressive mesh representation as output.

� Compute the cost of collapse for each half-edge in the original triangular mesh using the proposed

error metric (Section 4) and put them in priority ordering with least cost edgefirst.

� Choose the half-edge
→
e01 = (v0, v1) with minimum cost and substitute it withv1. During this

operation trianglesde01e become singular and are discarded. The remaining edgesdbe01ce−{e01}

and trianglesddbe01cee − de01e incident uponv0 andv1 are updated such that all occurrences of

v0 are replaced withv1.

� Re-evaluate the cost of the edgesdbece− {e} after the collapse of the edgee.

� Take maximum of the cost of collapse of the half-edge
→
e 01 = (v0, v1) and that of the half-edge

→
e 1i

5
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= (v1, vi) emanating fromv1; this maximum value will be the cost of the half-edge
→
e 1i = (v1, vi).

Update priority ordering of the edge collapse transformations.

Note that the new cost is evaluated against the current partly simplified mesh, global effect of geo-

metric error is achieved by accumulating the error described in the last step. This step is one of the

differentiating factor between this algorithm and the one proposed in [10].

The choice of a particular topological operator has no significant effect on the results [12]; what mat-

ters is the way how to measure the accuracy. We employhalf-edge collapseas a topological operator. In

this case, the vertices of the simplified mesh form a subset of the originalvertices; this makes progressive

transmission of meshes more effective and is crucial forintegrated level of detail extraction. Apparently,

it seems that half-edge collapse transformation results in triangles with bad aspect ratio, but we found

empirically considering a wide range of meshes that the triangles are of good quality everywhere except

a few triangles at regions of high curvature and these can be avoided if our error measure is coupled

with the aspect ratio test proposed in [6], but it willbe at the cost of a little bit degeneration in accuracy;

QSlim[5] andMS(Memoryless Simplification) [14] also exploit this criteria to avoid sliver triangles.

The main characteristics of the algorithm are as follows:

� Visually important features are preserved in a better way e.g. see Figure 7.

� The algorithm is memory efficient because it needs not to store any kind of geometric history.

� In respect of execution time, it is the fastest one afterQSlim.

� The approximations generated by this algorithm are comparable with those created by the state-

of-the-art algorithms in terms of maximum geometric error.
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Figure 2. (Left) When edge er is collapsed, triangle t = (v0, v1, v2) is mapped to triangle t0 =
(v, v1, v2).(Right) When triangle t is mapped to triangle t0, the vertex v0 traverses the arc s if only
rotation of t is considered.

4 Error Metric

The criterion for the evaluation of approximation error is based on an intuitive observation. The collapse

of an arbitrary edgeer removes trianglesdere and transforms the remaining trianglesddv0ee− dere, see

Figure 2 for geometric description. Analogous to the length of a circular arc, the partial geometric error

introduced by the transformation of a typical trianglet = (v0, v1, v2) to t
0

= (v, v1, v2), see Figure 2, is

Qt = ltθ

where

lt =
1

2
(|a|+ |b|),a = v0 − v1,b = v0−v2,

andθ is the dihedral angle between the trianglest andt0. To avoid the computational overhead incurred

by the evaluation ofθ, we approximateθ by 1−nt ·nt0 , wherent andnt0 are unit normals to the triangles

t andt0, as shown in Figure 2.

The cost of the transformation�er(v0, v) → v is the sum of partial errors contributed by each of the

triangles inddv0ee− dere, i.e.
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Figure 3. (Left) Boundary simpli fication: v is an interior vertex and v0, v1,v2, and v3 are boundary
vertices. (Right) Collapse of edge e will cause the triangle t = (v0, v1, v2) to fold over the mesh.

Cost(�er) =
X

t∈ddv0ee−dere
Qt.

Note that the edge collapse transformations�er(v0, v) → v and�er(v, v0) → v0 have different effects

on geometric error; we collapse edgeer{v0, v} by applying the transformation that results in minimum

error.

5 Boundary Simplification

Boundary half-edges can be categorized into two main types: (1) the half-edges having one of the starting

and terminating vertices on the boundary e.g.
→
e = (v, v1), note Figure 3 and (2) the half-edges having

both vertices on the boundary e.g.
→
e = (v1, v2), see Figure 3. Each case is dealt with separately.

The half-edge collapse transformation�e (vs, vt) 7→ vt substitutes the half-edge with terminating vertex;

so collapse of the half-edge having terminating vertex on the boundary needs not special treatment.

However if starting vertex is on the boundary, then collapse of the half-edge will deform the boundary,

so the collapse of this half-edge is not allowed.

The half-edge having both end vertices on the boundary must be dealt tactfully; it will obviously

collapse to a vertex along the boundary. Now the problem is how to guide the greedy approach so that
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model model size FPME QSlim model model size FPME QSlim
Fandisk 12,946 2.4sec 1.5sec Hand 654,666 78sec 39.9sec
Bunny 69,451 8.15sec 4.0sec Dragon 871,414 103.5sec 53.6sec
Male 605,902 75.3sec 48.2sec Blade 1,765,388 247.4sec 125.1sec

Table 1. Time taken in seconds to reduce to one face. Model size is in number of faces.

Figure 4. Maximum geometric error for (left) bunny and (right) hand models.

it is not entrapped in a local minimum; to this end some heuristics are employed. A similar part of the

mesh is assumed on the exterior side of the half-edge as is on the interior side to bring it in line with

the interior edges. Note Figure 3, edgee = {v1, v2} may be collapsed either tov1 or v2, but to achieve

better results this must be collapsed tov2. To achieve this end we penalize the costs of collapse of the

half edges
→
e = (v1, v2) and

→
e = (v2, v1) with the length of the edge weighted byφ andφ0 respectively.

So the cost of collapse of the half edge
→
e = (v2, v1) whose both vertices are on boundary is

Cost(�e) = λφs k v1 − v2 k +2
X

t∈ddvee−dee
Qt

whereφ = 1− u1 · u2, u1 andu2 being the unit vectors along the edges�e = (v1, v2) and�e = (v1, v3) as

is shown in Figure 3, ands = min
t∈ddv1ee

{st}, st being the quality measure of the trianglet i.e. st =
4
√
34t

l2
1
+l2

2
+l2

3

[6]; this quantity causes the thin triangles to be eliminated along the boundary. Hereλ is a parameter

used to control the quality of boundary preservation; it can assume any value greater than zero. During
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Figure 5. (Left to right) Original bunny model with 69451 faces, its reduced versions each h aving
5000 faces generated by FPME and QSlim.

our experiments we found that feasible results can be found using the value ofλ in the range of 1 to

50, in our experiments we have usedλ = 10. Closer the value ofλ to 50, the tighter the boundary is

preserved.

6 Experimental Results and Discussion

We testedFPME, implementation of the proposed algorithm, using a wide range of triangular meshes

and achieved good results. To evaluate the proposed technique, we make comparison with two state-of-

the-art methodsQSlim[5] andMS(Memoryless Simplification) [14].

Table 1 lists the execution times, reported on 800MHz Intel PentiumIII machine with 384 MB of main

memory, taken byQSlimandFPME to simplify various modelsto one face. Notice thatFPME is about

two times slower thanQSlim. From the results reported in [14] (see table 1), it follows thatMS is about

5 times slower thanQSlim; so we can safely conclude thatFPME is about 3 times faster thanMS.

For thorough evaluation of the quality of approximations generated byFPME,we employ maximum

geometric error measure and compute it using version 2.5 of Metro tool [2]. We tested our algorithm

10

https://www.researchgate.net/publication/227611629_METRO_Measuring_error_on_simplified_surfaces?el=1_x_8&enrichId=rgreq-33bf7277ed55d4ba1ecf8426df8c0473-XXX&enrichSource=Y292ZXJQYWdlOzIzNzM5MTI5MztBUzo5ODg4Nzg3MjI4Njc0MUAxNDAwNTg4MTE0OTQw
https://www.researchgate.net/publication/2373815_Fast_and_Memory_Efficient_Polygonal_Simplification?el=1_x_8&enrichId=rgreq-33bf7277ed55d4ba1ecf8426df8c0473-XXX&enrichSource=Y292ZXJQYWdlOzIzNzM5MTI5MztBUzo5ODg4Nzg3MjI4Njc0MUAxNDAwNTg4MTE0OTQw
https://www.researchgate.net/publication/2373815_Fast_and_Memory_Efficient_Polygonal_Simplification?el=1_x_8&enrichId=rgreq-33bf7277ed55d4ba1ecf8426df8c0473-XXX&enrichSource=Y292ZXJQYWdlOzIzNzM5MTI5MztBUzo5ODg4Nzg3MjI4Njc0MUAxNDAwNTg4MTE0OTQw
https://www.researchgate.net/publication/2417323_Surface_Simplification_Using_Quadric_Error_Metrics?el=1_x_8&enrichId=rgreq-33bf7277ed55d4ba1ecf8426df8c0473-XXX&enrichSource=Y292ZXJQYWdlOzIzNzM5MTI5MztBUzo5ODg4Nzg3MjI4Njc0MUAxNDAwNTg4MTE0OTQw


Figure 6. (Left to right) Original fandisk model, its simpli fied versions each having 496 faces produces
by FPME and QSlim, (a) original hypersheet model with 3837 faces and its reduces versions created
by FPME with (b) λ = 25 (c) λ = 4.

on most of the publicly available models and found similar results, due to space limitations we only

present the test results for bunny and hand models because of their complex structures. Graphs shown in

Figures 4 illustrate the maximum geometric error between the original and the simplified models created

by QSlim, MSandFPME.

FPME is memory efficient like MS; it needs not to store any kind of geometric history. It only

accumulates the cost of collapse, which does not consume extra memory like storing the geometric

history.QSlimconsumes at least 40 bytes per vertex to store a form of geometric history.

Folds may occur when an edge to be collapsed is surrounded by a very concave polygon, see Figure

3. The proposed error measure has the potential to automatically prevent the occurrence of folds; in case

of a fold, it assigns greater value toθ and thus prevents fold. Figure 6 depicts thatFPME automatically

prevents folds whereasQSlimcreates folds and it needs extra heuristics to prevent the folds.

Boundary is one of the main geometric features, which have effect on the visual appearance of the

model, and must be preserved properly for good visualfidelity. The proposed idea is capable of preserv-
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Figure 7. (Left to right) Original male model with #faces 605902, its simpli fied versions each with
4887 faces generated by FPME, and QSlim, original vase model with 135680 faces, and its reduced
version with 4792 faces approximated by FPME.

ing the boundary with varying degrees of tightness asis demonstrated using hypersheet model shown in

Figure 6. Note that the triangles along the boundary are relatively well-shaped.

Feature lines or lines of discontinuity are sharp edges whose two incidents faces describe a dihedral

angle of measure less than some threshold. These lines reflect the overall geometric appearance of a

model and are visually very important. The proposed error measure automatically preserves lines of

discontinuity. Note fandisk models, original and simplified, shown in Figure 6.

High frequency detail resolves visually important features of a model. Again, the dihedral angle

exploited by our measure of geometric deviation helps preserve high frequency detail automatically.

Observe male models shown in Figure 7; it is obvious thatFPMEpreserves eyes and lipsfinely whereas

QSlimcan’t. Also observe the contours on the left feetof bunny model (Figure 5) and the vase models

(Figure 7).

FPME can efficiently simply very large models. Observe male model and its simplified version (0.8

% of the original model) depicted in Figure 7; despite this drastic simplification, eyes, eyebrows, lips
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Figure 8. (Left to right) original hand model with 654,666 faces, its reduced ve rsion with 5000 faces,
original blade model with 1,765,388 faces and its simpli fied version with 18524 faces.

and other visually important features arefinely apparent. Figure 8 shows the simplified model of hand

after 99.24% reduction. It can be seen that major features of the original models still remain in spite of

being highly simplified.

Turbine blade model shown in Figure 8 consists of about 1.8 million triangular faces. Simplification

of this model is a challenging taskbecause of its sheer size, complicated topology with a large number

of tiny holes, and complex geometry with many sharp edges.

7 Conclusion

A new method for geometric simplification of triangle meshes has been presented; it is memory efficient

and faster than most of the state-of- the- art algorithms. It preserves automatically not only the lines of

discontinuity and high frequency detail of a geometric model but also prevents automatically the creation

of folds in a mesh. It can simplify huge models in relatively short time. The quality of simplifications is

good and essential features are preserved even after significant reduction. This can be used for applica-

tions which require visualfidelity, not tight error bound, and the set of vertices of the simplified version

13



to be a proper subset of original vertices.
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Figure 9. (Left to right) M. Hussain, K. Okada, and K. Niijima.
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